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Abstract. We analyze the effect of atmospheric Kolmogorov turbulence on entangled 
orbital angular momentum states generated by parametric down-conversion. We calculate 
joint and signal photon detection probabilities and obtain numerically their dependence 
on the mode-width-to-Fried-parameter ratio. We demonstrate that entangled photons are 
less robust to the effects of Kolmogorov turbulence compared to single photons. In 
contrast, signal photons are more robust than single photons in the lowest-order mode. 
We also obtain numerically a scaling relation between the value of the mode-width-to-
Fried-parameter ratio for which the joint detection probabilities is a maximum and the 
momentum mismatch between signal and idler photons after propagation through the 
medium. 
PACS codes: 42.50.Dv; 42.68.Bz 
1.  Introduction 
Quantum communication utilizing the phenomenon of entanglement has many applications such 
as quantum teleportation [1], quantum cryptography [2, 3] and superdense coding [4]. Multi-
dimensional entangled orbital angular momentum (OAM) states can be utilized to generate 
arbitrary base-N quantum digits thereby allowing the implementation of higher capacity optical 
communication systems. This feature has generated considerable interest with respect to encoding 
quantum and classical information [2, 5]. In addition it has been shown that the (OAM) of 
photons can be used to encode data onto a laser beam for transmitting information in free-space 
optical systems [6]. The performance of free-space optical communication systems is however 
severely degraded by decoherence caused by atmospheric turbulence in the optical channel, 
resulting in fluctuations in both the intensity and phase of the received signal. Recently, C. 
Paterson [7] estimated the theoretical performance limits for communication links based on the 
OAM of single photons with no entanglement. It was demonstrated that for Kolmogorov 
atmospheric statistics this system is significantly affected, even in the weak turbulence regime, 
with narrower and lower-order modes being more robust. Spontaneous parametric down-
conversion generates pairs of down-converted photons entangled in OAM [5]. It has been 
demonstrated that Laguerre-Gaussian (LG) modes possess well defined orbital angular momemta 
[8]. In the paraxial approximation, these modes are the eigenstates of the orbital angular 
momentum operator with eigenvalue equal to hl  per photon. Xi-Fen Ren et al [9] calculated the 
superposition coefficients of down converted correlated LG modes and showed that this 
probability amplitude decreases almost exponentially with increasing OAM. In this paper we 
investigate the effects of Kolmogorov turbulence on entangled OAM photon states by calculating 
the joint detection probability of entangled LG modes. We compare the effects of Kolmogorov 
turbulence on entangled photon pairs and single photons. 
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2.  Theory 
The two-photon quantum state in the Laguerre-Gaussian (LG) basis is given by [10] 
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where ),( 11 pl  represent the signal mode numbers and ),( 22 pl  represent the corresponding idler 
mode numbers, with 021 lll =+ , where 0l  is the OAM of the pump. For a cw pump beam and 
collinear phase matching of signal and idler photons, the probability amplitude 21
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where ( )⊥Φ r  is the transverse spatial profile of the pump beam at the input face of the crystal 
(z=0) and ( )⊥rLG lp is an LG mode in the z=0 plane. The normalized Laguerre-Gaussian mode at 
its beam waist (z=0) is given by  
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0w  is the mode width, p is the number of nonaxial radial nodes of the mode, l is the OAM 
number. Atmospheric turbulence scatters the beam as it propagates, producing phase aberrations 
that perturb the entangled modes. In the weak turbulence regime, this can be considered as a pure 
phase perturbation ( )⊥rφ . In the presence of turbulence the probability amplitude (2) becomes 
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3.  Joint detection probabilities 
The conditional probability of coincidence of photons with eigenvalues 1l  in the signal mode and 
2l  in the idler mode is given as ( ) ∑=Ψ
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taking the ensemble average gives the joint detection probability ( )21 , llP  that a measurement of 
the OAM of the signal photon and the idler photons yields values 1l  and 2l  respectively. This 
probability is defined as 
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where  represents an ensemble average. For illustrative purposes we consider the mode 
subspace where 021 == pp . Assuming the statistics of the Kolmogorov turbulence aberrations 
to be isotropic and a pump beam in a pure LG mode with mode numbers ( )00 , pl  we obtain 
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such that ( ) ( ) 3/50'' /88.6 rrrrrD −=−φ  for Kolmogorov turbulence where 0r  is the Fried 
parameter [13].  
 
 
4.  Signal photon detection probabilities 
The probability, ( )1lP , for finding one photon with eigenvalue 1l  in the signal mode is obtained 
from the joint detection probability ( )21 , llP  by summing over all idler modes. Thus, 
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where in (10) 01 lll −=∆ . 
 
 
5.  Results 
We substitute (9) into (8) and evaluate the integrals in (8) numerically. In figure 1(a) we consider 
the probabilities for OAM measurements ( )lP  with single photons [7]. 0l is the initial OAM, l is 
the final OAM, the initial and final mode indices 00 == pp and 0w  is the LG mode width. We 
plot ( )lP  against the ratio of 0w  to the Fried parameter ( 0r ) for the case where momentum is 
conserved ( )0=∆l . The results show that in the case of single photon scattering ( )lP decays 
more rapidly as 0l  increases. In figure 1(b) and figure 1(c) we consider the quantum entangled 
probability, ( )21, llP , for entangled modes generated by a pump beam of width, 0w  , with 
00 =p and signal and idler indices 021 == pp . Here we plot ( )21, llP  against 00 / rw  for the 
case where momentum is conserved ( )0=∆l  with 01 =l and for increasing values of the pump 
and idler OAM. It is observed that the probabilities for the angular momentum measurements of 
entangled photons exhibit a similar behavior to single photons but there is a faster fall-off for all 
values of 0l . In figure 1(c) we examine a pump in the lowest-order LG mode ( 000 == pl ), and 
signal and idler OAM values lll =−= 21 and 021 == pp . This corresponds to the situation in 
which both the pump as well as the signal/idler pairs have zero total angular momentum. We 
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observe that ( )21, llP decays to zero more rapidly as the signal photon OAM increases. This 
shows that lower OAM signal and idler modes are more robust to turbulence. Figure 1(d) is a plot 
of signal photon probabilities, ( )1lP , versus ( 00 / rw ) with 010 == pp  and pump OAM equal to 
signal OAM, i.e., 10 ll = . Qualitatively, the results in figure 1(d) are similar to those obtained in 
figure 1(a). However, ( )1lP  decays less rapidly than ( )lP  for 00 =l . For the high-order modes 
( )1lP  gives essentially the same decay profile as ( )lP . This occurs since ( )1lP  depends on the 
spatial mode profile of the pump beam, whereas, for ( )lP  the effect of any pump is absent. Our 
results show that signal photons are more robust to turbulence than unentangled single photons 
for 00 =l .   
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Figure 1: (a) Single photon detection probabilities ( )lP versus ( 00 / rw ) with 00 == pp  where 
00 == ll (solid line); 10 == ll (dashed line) and 20 == ll (dotted line). (b) Joint detection 
probabilities ( )21, llP  versus ( 00 / rw ) for entangled modes with 00 =p  and 021 == pp  for 
given values of 0l , where 0,0 120 === lll (solid line); 0,1 120 === lll (dashed line) and 
0,2 120 === lll (dotted line). (c) Joint detection probabilities ( )21, llP  versus ( 00 / rw ) for 
entangled modes with 000 == pl and 021 == pp for particular values of l , where 0=l (solid 
line); 1=l  (dashed line) and 2=l (dotted line). (d) Signal photon probabilities ( )1lP  versus 
( 00 / rw ) with 010 == pp , where 010 == ll (solid line); 110 == ll (dashed line) and 
210 == ll (dotted line). In all cases 0=∆l . 
 
 
N
o
rm
al
iz
ed
 
Pr
o
ba
bi
lit
y 
00 / rw  
N
o
rm
al
iz
ed
 
Pr
o
ba
bi
lit
y 
00 / rw  
N
o
rm
al
iz
ed
 
Pr
o
ba
bi
lit
y 
00 / rw  
N
o
rm
al
iz
ed
 
Pr
o
ba
bi
lit
y 
00 / rw  
The effect of atmospheric turbulence on entangled orbital angular momentum states 5 
In figure 2 we consider the case where angular momentum is not conserved ( )0≠∆l  for single 
and entangled photons. In figure 2(a) we plot ( )lP against 00 / rw  for single photons with 
000 === ppl  Here ( )lP  increases from zero to a maximum and then decays. As l∆  increases 
the value of 00 / rw  for which the probability is a maximum, ( )max00 / rw , also increases. In figure 
2(b) we plot ( )21, llP  against 00 / rw  for entangled photons. Again we choose 000 == pl and 
02 =l , 021 == pp such that 01 ≠∆= ll . For a given value of l∆ we observe a sharper increase 
from zero to a maximum and then a faster decay compared to that of single photons. 
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Figure 2: (a) Single photon detection probabilities ( )lP versus ( 00 / rw ) with 
000 == pl , 0=p and 0≠∆l , where 1=∆l (solid line); 2=∆l (dashed line) and 3=∆l (dotted 
line). (b) Joint detection probabilities ( )21, llP  versus ( 00 / rw ) for entangled modes with 
000 == pl , 021 == pp , pww =0 and 0≠∆l , where 1,1 1 ==∆ ll (solid line); 
2,2 1 ==∆ ll (dashed line) and 3,3 1 ==∆ ll (dotted line). 
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Figure 3: ( )
max00 / rw versus l∆ for (a) single photons where 00 =l (···), 10 =l (***), 20 =l (+++) and 
30 =l (xxx). (b) entangled photons with ll ∆=1 , where 020 == ll (···), 120 == ll (***), 
220 == ll (+++) and 320 == ll (xxx). 
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In figure 3 we plot ( )
max00 / rw against l∆ for single photons (a) and entangled photons with (b) 
for increasing values of 0l . We observe a linear relation between ( )max00 / rw  and l∆ for single 
photons similar to Wien’s displacement law describing blackbody radiation. However for 
entangled photons the relation is nonlinear.  
 
6. Conclusions 
We have quantitatively described the effects of Kolmogorov atmospheric turbulence on the joint 
detection probabilities of entangled OAM states. We examined the two distinct cases where 
momentum is conserved and when there is a momentum mismatch after propagation through the 
turbulent medium. The results demonstrate that when photon pairs conserve momentum the joint 
detection probability decays rapidly as atmospheric turbulence increases. It is found that the joint 
detection probabilities of entangled photons with lower total OAM decay less rapidly than those 
with higher OAM values. Furthermore, entangled photons with smaller mode widths are more 
robust to turbulence. Similar qualitative results have been obtained by Smith and Raymer [14] 
using a two photon wave function approach. Our results demonstrate that entangled signal and 
idler photons are more susceptible to turbulence than single photons. This fact that can be used to 
aid in the design of quantum communication systems utilizing data encoded onto the OAM of 
entangled beams. In the case where momentum is not conserved the joint detection probability 
rises to maximum and decays more rapidly than for single photons. The value of the mode width 
to Fried parameter ratio for which the single photon probability is a maximum scales linearly with 
the momentum mismatch. In the case of entangled photons the scaling is not linear. One possible 
application of the measurement of the detection probabilities when momentum is not conserved is 
the determination of turbulence in free-space optical communication systems. A measurement of 
the joint detection probabilities of a fixed value of l∆ can be used to obtain ( )
max00 / rw . Utilizing 
entangled photons for such measurements yields a more accurate value of the Fried parameter 
since the detection probabilities peak more sharply around ( )
max00 / rw . Further investigation is 
required to determine the effect of anisotropic turbulence statistics on the joint detection 
probabilities.  
We have also considered the effects of turbulence on the signal photon probabilities when 
momentum is conserved. It was found that the signal photon probabilities and unentangled single 
photon probabilities exhibited similar decay profiles except when 00 =l . In the special case of 
00 =l , the signal photon probability decays more slowly with ( )00 / rw  than the single photon 
probability. This shows that signal photons are more robust to the effects of turbulence than 
unentangled single photons. It indicates that information encoded onto the OAM of signal 
photons would be less susceptible to atmospheric scattering.   
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